Abstract. We establish a partial link between two standard methods for deriving plate models from linearized three-dimensional elasticity: the asymptotic method, known to justify the Kirchho -Love model, and the polynomial reduction method. In the polynomial method, the reduced model is obtained by projecting the three-dimensional displacement on a closed subspace of admissible displacements, namely displacements that are polynomial with respect to the thickness variable. Our procedure characterizes minimal polynomial subspaces that are consistent with the Kirchho -Love model. In the same time, if a singular perturbation term is dropped in the equations of the lower degree model, we recover a Reissner-Mindlin model.
Introduction
Slender structures such as plates, shells, rods are of high technological interest. Numerous works have been devoted for more than a century to the construction of models that take into account the small thickness, or the small diameter, of the structure. These models replace the three-dimensional system of equations that describe the static or dynamical behavior of the stucture thought of as a body in R 3 by a two-dimensional, or one-dimensional system. Such a dimensional reduction obviously makes the model easier to understand and easier to deal with.
In this work, we provide a partial link between two standard methods for deriving plate models from linearized three-dimensional elasticity: the asymptotic method and the polynomial reduction method. In the polynomial method, the reduced model is obtained by projecting the threedimensional displacement on a closed subspace of admissible displacements, namely displacements that are polynomial with respect to the thickness variable. Generalizing a previous work ( 16] ) on the locking phenomenon, our procedure characterizes, in a sense made precise below, the minimal polynomial subspaces that are consistent with the Kirchho -Love model. As the asymptotic method made it clear ( 6] , 5]), this model must necessarily be recovered when the thickness goes to zero. In the same time, our results allow to recover, at least formally, Reissner-Mindlin models. Internal approximation of the scaled three-dimensional model The asymptotic analysis for justifying two-dimensional planar elastic models consists in examining the limit behaviour of the deformations of an elastic cylindrical body when the thickness goes to zero. In the present paper, we restrict our analysis to situations that lead to linear plate models. A thorough description of the method in the linear case, as well as an extensive references list, can be found in 5]. The basis result is a rigorous justi cation of the Kirchho -Love model. It was rst proved in 6], and was a thread for intensive subsequent research in the asymptotic procedure. A formal justi cation of the von K arm an model follows the same lines and can also be found in 5]. For a justi cation of non linear planar membrane models, and non linear bending models that respect essential features of the three-dimensional equations such as frame-indi erence, see 9], 12], 13].
The purpose of this Section is to match the asymptotic procedure with an internal approximation. Indeed, internal approximations in plate theories are found in two settings. First, reducing the dimension of the elastic model from 3 to 2 is classically obtained by projecting the three-dimensional displacement on a closed subspace of functions that are polynomial with respect to the thickness variable, see 1], 3], 8], 20]. The consistency result we prove below gives precise information on minimal polynomial spaces that should be used. Second, internal approximation underlies conformal nite element methods. Consistency results explaining the locking phenomenon in the nite element framework can be found in 16].
General setting
As usual Latin indices belong to f1; 2; 3g and Greek indices belong to f1; 2g. We consider a plate of thickness 2" made of an elastic material with Lam e constants and . The reference con guration of the plate is Appropriate hypotheses on the order of magnitude of the applied loads allow to recover in the limit the linear Kirchho -Love model. As the system here is linear, several choices can be made. For de niteness, we consider the choice given in 5], i.e., f " (x 1 ; x 2 ; "x 3 ) = " 2 f (x 1 ; x 2 ; x 3 ); f " 3 (x 1 ; x 2 ; "x 3 ) = " 3 f 3 (x 1 ; x 2 ; x 3 )
for all x 2 ; g " (x 1 ; x 2 ; "x 3 ) = " 3 g (x 1 ; x 2 ; x 3 ); g " 3 (x 1 ; x 2 ; "x 3 ) = " 4 g 3 (x 1 ; x 2 ; x 3 )
for all x 2 ! f?1; 1g:
De ning new functions u (") and u 3 (") by u " (x 1 ; x 2 ; "x 3 ) = " 2 u (")(x 1 ; x 2 ; x 3 ); u " 3 (x 1 ; x 2 ; "x 3 ) = "u 3 (")(x 1 ; x 2 ; x 3 )
for all x 2 ;
we obtain by mere change of variables the variational system that u(") solves. 
Internal approximation
We now perform an internal approximation of problem (P ("; V )). The approximation space is denoted by W. It is assumed to be a closed subspace of V , that may be nite-dimensional or not. Without loss of generality, we assume that W = W 1 W 2 W 3 with W 1 = W 2 . The internal approximation of problem (P ("; V )) is obtained by projecting its solution u(") on W. In other words, we de ne w(") as the unique solution of Find w(") 2 W such that a(")(w("); v) = l(v) for all v 2 W: (P ("; W)) Our purpose is to identify the limit behaviour of the sequence w(") when " goes to zero. Results will be given in terms of " (w(")) where, for all v in V , we de ne " (v) := ";ij (v) by From (6), one easily deduces the coerciveness inequality 2 j " (v)j 2 a(")(v; v) for all v 2 V: (7) Associated with W are a subspace D 3 of L 2 ( ) and an operator ? in L 2 ( ) that play a fundamental role in the limit behaviour of (P ("; W)). We let D 3 := @ 3 W 3 = f@ 3 w 3 ; w 3 2 W 3 g: (8) Obviously, D 3 is a linear subspace of L 2 ( ), but it is not necessarily a closed subspace. We denote by D 3 its closure in L 2 ( ) and by Q the inner projection in L 2 ( ) on D 3 . We de ne ? by ? := (Id ? 2 + Q) (9) In the particular case when W 3 Moreover, the sequences "; 3 (w(")); = 1; 2; strongly converge to zero in L 2 ( ) and the sequence ";33 (w(")) strongly converges to ? 2 + Q(e (w)) in L 2 ( ).
Proof. From (P("), W) and (6), we get that A " (w(")); " (v) = l(v) for all v 2 W: (12) Letting v = w(") and using (5) and (7), this implies that sequence " (w(")) is bounded in (L 2 ( )) 9 . Therefore, there exists in (L 2 ( )) 9 such that (upon extracting a subsequence) " (w(")) weakly converges in (L 2 ( )) 9 toward .
Returning to (4) , there exists w in W such that w(") weakly converges in V toward w. Moreover w necessarily satis es e i3 (w) = 0; i = 1; 2; 3, i.e., w 2 W KL .
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Let us now identify w. First we multiply (12) 3 . In other words, 2 33 + tr( ) is orthogonal to D 3 , which also reads Q (2 33 + tr( )) = 0. By de nition 33 is the weak limit of @ 3 (" ?2 w(")). Therefore it belongs to D 3 . We conclude that 33 = ? 2 + Q(e (w)): (13) Let us remark that this implies the identity 2 e (w) + (e (w) + 33 ) = 2 e (w) + ? (e (w)) : (14) We now return to (12) that we restrict to v in W KL . Then A 0 " (w(")); " (v) = Z f2 e (w(")) + tr " (w(")) g e (v) dx = l(v) for all v 2 W KL :
Letting " go to zero and using (14), we obtain problem (P KL (W )). From the uniqueness of the solution of this problem, we conclude that the whole sequence w(") (resp. ";33 (w(")) ) converges weakly in (H 1 ( )) 3 The strong convergence of " (w(")) toward~ follows.
Consistency condition. Application to the polynomial approximation
We are now interested in determining conditions ensuring that the limit u of the scaled three-dimensional displacements when " goes to zero and the limit w of their projections coincide. In such a case, the internal approximation is said to be consistent. P n?1 (L 2 (!)). Therefore condition ii) requires that n ? 1 1.
3. The lower degrees models Our aim in this section is to compare the Reissner-Minlin model with the rst models that can be obtained by internal approximation on polynomial spaces. For the sake of brevity, we assume from now on that the horizontal components of the body forces are odd with respect to the vertical variable, and that the vertical component is even. Similarly, we assume that g "+ =
?g "? , = 1; 2 and g "+ 3 = g "? 3 . Then, it is an easy matter to prove that 8 JEAN-CLAUDE PAUMIER & ANNIE RAOULT the solution of the three-dimensional system of elasticity has odd horizontal components and that its vertical component is even.
The Reissner-Minlin model
In the engineering literature, the Reissner-Minlin model is used to account for transverse shear in moderarely thin plates. The classical construction is performed on the strong formulation of the system of elasticity, which reads:
?@ j ij = f " i in " (15) ij = 2 e ij (U) + tr(e(U)) ij (16) i n = 0 on ? " 1 ; i3 = g " i on ! " ; (17) U = 0 on ? " 0 ; (18) 3 . These ad hoc hypotheses are clearly incompatible, since, for instance, plugging e 33 (U) = 0, which is a consequence of iii), in (16) would lead to the \wrong" reduced constitutive law = 2 e (U)+ e (U) . Then, by mere integration of the equilibrium equations (15) and of the reduced constitutive law, one obtains a system of partial di erential equations whose variational form is the following: ?" f " 3 dy 3 + g "+ 3 + g "?
